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RECURSIVE TYPES

Recursive Types

type IntList is { int data, IntList next } | null
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De-Bruijn Indices

T ;= Int
| TXT
| TVT

| wT
| N

Non-empty list of integers: pInt V Int x 0



RECURSIVE TYPES

Syntax

data InductiveType (n : N) : Set where



RECURSIVE TYPES

Syntax

data InductiveType (n : N) : Set where
Int : InductiveType n



RECURSIVE TYPES

Syntax

data InductiveType (n : N) : Set where
Int : InductiveType n
_x_: (A B : InductiveType n) — InductiveType n
_V_: (A B : InductiveType n) — InductiveType n



RECURSIVE TYPES

Syntax

data InductiveType (n : N) : Set where
Int : InductiveType n
_x_: (A B : InductiveType n) — InductiveType n
_V_: (A B : InductiveType n) — InductiveType n
ti_ = (A : InductiveType (suc n)) — InductiveType n



RECURSIVE TYPES

Syntax

data InductiveType (n : N) : Set where
Int : InductiveType n
_%_: (A B : InductiveType n) — InductiveType n
_V_: (A B : InductiveType n) — InductiveType n
ti_ = (A : InductiveType (suc n)) — InductiveType n
Var : (x : Fin n) — InductiveType n



RECURSIVE TYPES
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data InductiveType (n : N) : Set where
Int : InductiveType n
_%_: (A B : InductiveType n) — InductiveType n
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ti_ = (A : InductiveType (suc n)) — InductiveType n
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Non-empty list of integers: p Int VV Int x Var zero



RECURSIVE TYPES

Substitution

_[]: V{n} — InductiveType (suc n)
— InductiveType n
— InductiveType n

Int [A]=Int
(BxC[A]=B[A]xC[A]
(BVC) [A]=B[A]VC[A]

(1B) [A]=puB[incA]

Ref x [ A] with max? x

Ref _ [A]]|yesmax=A

Refx [A]|no-p = Ref(reduce —p)



RECURSIVE TYPES

Substitution

_[]: V{n} — InductiveType (suc n)
— InductiveType n
— InductiveType n

Int [A]=Int
(BxC[A]=B[A]xC[A]
(BVC) [A]=B[A]VC[A]

(1B) [A]=puB[incA]

Ref x [ A] with max? x

Ref _ [A]]|yesmax=A

Refx [A]|no-p = Ref(reduce —p)

unfold : Type 1 — Type 0
unfold A=A A]
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WELL FORMEDNESS

Nonsensical Types

Equivalent unfolding: uX.X
Contractivity: pX.IntV X

A type T is well-formed if every occurrence of a u-bound variable
in the body is separated from its binder by at least one x.
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Well Formedness

data WF {n} (m : Fin (suc n)) : InductiveType n — Set where
int : WF m Int
pair : V {A B} — WF zero A — WF zero B -+ WF m (A x B)
union : V {AB} = WFmA —-WFmB— WFm(AVB)
rec : V {A} — WF (sucm) A — WF m (1 A)
ref : V {x} — m < inject; x - WF m (Var x)



WELL FORMEDNESS

Corresponding Proofs

wf_[_]: V {nm A} {B : InductiveType n} — WF (inject; m) A
— WFmB
—WFm(A[B])

wf int [p]=int

wf pairqr [ p] = pair (wf q [ weaken! p]) (wf r [ weaken! p])

wf unionqr[p] =union (wfq[p]) (Wfr[p])

wf rec g [p] = rec (wfq[wfincp])

wf ref {x} q [ p ] with max? x

wf ref qlp]|yes max=p

wf ref qlp]|no-p = wfreduceq —p
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wf_[_]: V {nm A} {B : InductiveType n} — WF (inject; m) A
— WFmB
—WFm(A[B])

wf int [p]=int

wf pairqr [ p] = pair (wf q [ weaken! p]) (wf r [ weaken! p])

wf unionqr[p] =union (wfq[p]) (Wfr[p])

wf rec g [p] = rec (wfq[wfincp])

wf ref {x} q [ p ] with max? x

wf ref qlp]|yes max=p

wf ref qlp]|no-p = wfreduceq —p

wf-unfold : V {n m} {A : Type (suc n)} — WF (suc m) A
—WFm(A[nA])
wf-unfold p = wf weaken; p [ rec p ]



COINDUCTION

Coinductive Representation

data CoinductiveType : Set where
Int : CoinductiveType
_x_: (A B : coCoinductiveType) — CoinductiveType
_V_: (A B : CoinductiveType) — CoinductiveType



COINDUCTION

Coinductive Representation

data CoinductiveType : Set where
Int : CoinductiveType
_x_: (A B : coCoinductiveType) — CoinductiveType
_V_: (A B : CoinductiveType) — CoinductiveType

type : coCoinductiveType — CoinductiveType



COINDUCTION

Infinite Unfolding

Linking the two representations

oounfold : {A : InductiveType 0} — WF zero A
— CoinductiveType

10
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COINDUCTION

Substitution Delay

Substitutions must be held until they can be delayed
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COINDUCTION

Substitution Delay

Substitutions must be held until they can be delayed

data Substs : (n : N) — Fin (suc n) — Set where
[] : V {n} — Substs n zero
i ¥ {n m} {A : InductiveType n} - WF m A
— Substs n m
— Substs (suc n) (suc m)
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COINDUCTION

Infinite Unfolding

oounfold’ : V {n B} — WF (fromN n) B
— Substs n (fromN n)
— CoinductiveType
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COINDUCTION

Infinite Unfolding

oounfold’ : V {n B} — WF (fromN n) B
— Substs n (fromN n)
— CoinductiveType

apply-substs : V {n} {B : InductiveType n} — WF zero B
— Substs n (fromN n)
— oo CoinductiveType

oounfold” int v = Int

oounfold” (pair p q) v = apply-substs p v x apply-substs q v
oounfold’ (union p q) v = oounfold’ p v \V counfold’ q v
oounfold” (rec p) v = oounfold’ p (rec p :: v)

oounfold” (ref p) v = L-elim (<-bound p)
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COINDUCTION

Infinite Unfolding

oounfold’ : V {n B} — WF (fromN n) B
— Substs n (fromN n)
— CoinductiveType

apply-substs : V {n} {B : InductiveType n} — WF zero B
— Substs n (fromN n)
— oo CoinductiveType

oounfold” int v = Int

oounfold” (pair p q) v = apply-substs p v x apply-substs q v
oounfold’ (union p q) v = oounfold’ p v \V counfold’ q v
oounfold” (rec p) v = oounfold’ p (rec p :: v)

oounfold” (ref p) v = L-elim (<-bound p)

type (apply-substs {0} p [|) = ocounfold’ p [|
apply-substs p (q :: v) = apply-substs (wf p [ weaken! q]) v

13



COINDUCTION

Infinite Unfolding

oounfold : {A : InductiveType 0} — WF zero A
— CoinductiveType
oounfold p = oounfold’ p []

14
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Subtyping

data _<_ : CoinductiveType — CoinductiveType — Set where
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Subtyping

data _<_ : CoinductiveType — CoinductiveType — Set where
int : Int < Int
left: VIABC} +A<B->A<BVC
right : V{ABC} = A<C—-A<BVC
union: V{ABC} +A<C—-B<C—-AVB<C
pair : V{ABCD} 5 A< C—-Boo<D—+AXxB<CxD
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Subtyping

data _<_ : CoinductiveType — CoinductiveType — Set where
int : Int < Int
left: VIABC} +A<B->A<BVC
right : V{ABC} = A<C—-A<BVC
union: V{ABC} +A<C—-B<C—-AVB<C
pair : V{ABCD} 5 A< C—-Boo<D—+AXxB<CxD

_00<_ : ooCoinductiveType — ooCoinductiveType — Set

sub: V{AB} - Aoco< B — type A < type B
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SUBTYPING

Connecting Back

_<i_:V{AB} — WF zero A — WF zero B — Set
_<:_ pq = oounfold p < ocounfold q
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SUBTYPING

Reflexivity

reflexive : Reflexive _<__

reflexive {Int} = int

reflexive {A x B} = pair ooreflexive ooreflexive

reflexive {A vV B} = union (left reflexive) (right reflexive)

ooreflexive : Reflexive _oco<__
sub ooreflexive = reflexive

17



SUBTYPING

Transitivity

transitive : Transitive _<_

transitive p
transitive p
transitive p
transitive (left p)
transitive (right p)
transitive (pair p q)

int =p

(left q) = left (transitive p q)

(right q) = right (transitive p q)

(union q r) = transitive p q

(union q r) = transitive p r

(pair rs) = pair (ootransitive p r)
(ootransitive q s)

transitive (union p q) r = union (transitive p r)

(transitive q r)

ootransitive : Transitive _oco<__
sub (ootransitive p q) = transitive (sub p) (sub q)

18



SUBTYPING

Semantics

Standard to prove correspondence with semantic subtyping

How do we give meaning to our types in Agda?

19



SUBTYPING

Values

data Value : Set where
int : Z — Value
_._ - Value — Value — Value
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Values

data Value : Set where
int : Z — Value
_._ - Value — Value — Value

[_] : CoinductiveType — Set

embed : V {A} — [ A] — Value
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SUBTYPING

Meanings

[_] : CoinductiveType — Set
[Int] =2
[AxB]=[typeA] x [ type B]
[AVB] =[A]W[B]
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data _x_ (A B : CoinductiveType) : Set where
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SUBTYPING

Meanings

[_] : CoinductiveType — Set
[Int] =7

[ AxB]=type A x type B
[AvB] =[A]w[B]

data _x_ (A B : CoinductiveType) : Set where
. [A]—=[B]—-AxB

21



SUBTYPING

Embedding

embed : V {A} — [ A] — Value

embed {Int}
embed {A x B}
embed {A Vv B}

X

(x, )
(injs %) =
(i

= int x
= embed x , embed y
= embed x

embed {A V B} (inj2 y) = embed y
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SUBTYPING

Semantic Subtyping

[_]<[_] : CoinductiveType — CoinductiveType — Set
TAJC[B]=(x:[A]) = X[ye[B]]embed x = embed y

23



SUBTYPING

Soundness

sound : V{AB} = A<B—[A]C[B]
sound int X = x , refl

sound (left p) X with sound p x
sound (left p) X ly,g=inji1y,q
sound (right p)  x with sound p x

(
(
sound (right p)  x ly,g=inj2y,q
sound (pair pq) (w, x) with sound (sub p) w | sound (sub q) x
sound (pairpq) (w,x) |y, r|z,s=(y,z),conga _,_rs
sound (union p q) (inj; x) = sound p x

( (inj2 y)

sound (union p q) (injo y) = sound q y



	Recursive Types
	Well Formedness
	Coinduction
	Subtyping

